We report on our latest results in the calculation of the two-mass contributions to 3-loop operator matrix elements (OMEs). These OMEs are needed to compute the corresponding contributions to the deep-inealstic scattering structure functions and to generalize the variable flavor number scheme by including both charm and bottom quarks. We present the results for the non-singlet and A gq,Q OMEs, and compare the size of their contribution relative to the single mass case. Results for the gluonic OME A gg,Q are given in the physical case, going beyond those presented in a previous publication where scalar diagrams were computed. We also discuss our recently published two-mass contribution to the pure singlet OME, and present an alternative method of calculating the corresponding diagrams.
Introduction
Massive operator matrix elements (OMEs) constitute a key ingredient in the calculation of heavy quark corrections to deep-inelastic scattering (DIS) structure functions at large virtualities, as they provide a link between the corresponding massless Wilson coefficients and the massive ones. These OMEs are also needed to obtain the transition relations of the variable flavor number scheme (VFNS). Due to the accuracy of the currently available experimental data, the OMEs need to be calculated at three-loop order. Their knowledge is of importance for the precise measurement of the strong coupling constant α s (M 2 Z ) [1] , of the parton distribution functions [2] , and of the heavy quark masses m c and m b [3] from the world deep inelastic data.
In a series of publications, we have computed the single mass contributions at three loops to the OME A gq,Q [4] , the T 2 F terms of the gluonic OME A gg,Q [5] , the non-singlet contributions as well as all of the associated Wilson coefficients and structure functions [6] [7] [8] [9] , the pure singlet result [10] , and the diagrams in the case of the ladder and V topologies of the OME A Qg [11] . Furthermore, all diagrams contributing to A Qg which result from master integrals obeying first order factorizing differential equations have been completed [12] , as well as all color and ζ -value terms, which can be determined using the method of arbitrarily large moments [13] . The logarithmic contributions to all OMEs were given in [14] . Before a series of moments has been calculated for all massive OMEs in Ref. [15] .
At three loops, irreducible Feynman diagrams with two fermion loops of different masses appear for the first time. 1 The contributions from this type of diagrams cannot be ignored, since the mass of the bottom quark is not considerably larger than the mass of the charm quark, which in particular means that both quarks need to be decoupled simultaneously in the VFNS. The renormalization of the OMEs in the 2-mass case has been performed in Ref. [17] . Here also the VNFS has been generalized to the 2-mass case.
In these proceedings, we report on our recent progress in the calculation of these two-mass three-loop contributions to the OMEs [17, 18] . In Section 2, we study the simplest of these OMEs, namely,Ã (3),NS qq,Q andÃ (3) gq,Q (the tilde on top of the OMEs is used to denote the two-mass contributions). In these cases, the dependence of the OMEs on the Mellin variable N and the masses fully factorizes. In Section 3, we show our recent results on the physical diagrams forÃ (3) gg,Q , going beyond the results presented in [17] , where a series of scalar diagrams were computed. In Section 4 we discuss the pure singlet case and show an alternative method of computing the Feynman diagrams and the corresponding Feynman integrals to the one given in Ref. [18] and conclude in Section 5.
Operator matrix elements with a factorizing N and η dependence
The simplest OMEs containing irreducible two-mass contributions are the three-loop non-singlet OME, A (3),NS qq,Q , and the gluonic OME A (3) gq . In the case of these two OMEs, the dependence on the ratio of the masses and the Mellin variable N factorizes completely, unlike the case in all other OMEs, where these variables are intertwined in complicated functions, as we will see later.
All of the diagrams appearing in A (3),NS qq,Q and A (3) gq contain two massive fermion bubbles, one of which may be rendered effectively massless by using a Mellin-Barnes representation [19] [20] [21] [22] [23] .
This yields similar integrals as the ones appearing in the case where there is one massive and one massless fermionic line [24, 25] . One may now combine the denominators of the Feynman integrals using Feynman parameters, integrate the momenta and perform the Feynman parameter integrals in terms of Euler Beta-functions. The OMEs will then be given by a linear combination of contour integrals of the form
where the f j and the g j are linear functions, N is the Mellin variable appearing in the operator insertion Feynman rules, and η is the ratio of the square of the masses
where we assume m 1 > m 2 , i.e., η < 1. After closing the contour in (2.2) and collecting the residues, the integrals end up being expressed as a linear combination of generalized hypergeometric 4 F 3 -functions [26] 
Here and in the following finite and infinite sums occur which have to be summed. In the more involved cases we thoroughly use difference field and ring theory algorithms [27] [28] [29] [30] [31] [32] [33] [34] [35] which are encoded in the package Sigma [36, 37] . Since in (2.4) the parameters of the hypergeometric functions depend only on the dimensional regularization parameter ε, their corresponding expansion may be performed with the code HypExp 2 [38] . The results of these expansions are then given in terms of the following (poly)logarithmic functions [39] [40] [41] [42] ,
The flavor non-singlet contribution
The pole structure of the two-mass contribution to the non-singlet OME can be found from the renormalization procedure, which involves mass, coupling constant and operator renormalization, as well as collinear factorization. After the subtraction of the single-mass terms, one obtains [17] 
The renormalized expression in the MS-scheme, treating the heavy quarks in the on-shell scheme, is given bỹ
vanish for N = 1 at all orders in ε due to fermion number conservation.
In Figure 1 , we show a sample of the diagrams contributing to A (3),NS qq,Q . The remaining diagrams are related to these by the exchange m 1 ↔ m 2 . In the case of the diagrams 2 and 3 in Figure 1 , the pre-factors C j (ε, N) appearing in Eq. (2.4) will contain a sum arising from the vertex operator Feynman rule (see Section 8.1 of Ref. [15] ), which can be evaluated in terms of single harmonic sums using the Mathematica packages Sigma [36, 37] , HarmonicSums [43] [44] [45] , EvaluateMultiSums and SumProduction [46] . For the constant part,ã (3),NS qq,Q , which is the only term in Eq. (2.6) that is not determined by the renormalization prescription, we obtain the following result
Here S a ≡ S a (N) denote the (nested) harmonic sums [48] 
The R i 's are polynomials in N and η, which we will not show here. This result is symmetric under the exchange of masses m 1 ↔ m 2 , and agrees with the results obtained in [17] 2 for the individual fixed moments N = 2, 4, 6. Eq. (2.9) vanishes for N = 1 as expected. A similar result is obtained in the case of the transversity contribution, where the change γ NS→ γ NS,trans[6, 51] and the corresponding one in the 2-loop OMEs must be performed in Eq. (2.6), cf. [17] .
By a Mellin inversion of Eq. (2.9) we obtain the result in x-space [17] . In Figure 2 , we plot the ratio of the two-mass contribution to the complete T 2 F term including the single mass results [6] as a function of x and Q 2 , taking the masses of the heavy quarks to be those of the charm and bottom quarks in the on-shell scheme. The two-mass contributions become more important for larger values of Q 2 , where the dependence on the ratio as a function of x becomes almost flat approaching values of O(0.4).
The gq-contribution
The genuine two-mass contributions to the OME A (3) gq,Q can be calculated in a similar way as A NS, (3) qq,Q . A sample of the contributing diagrams is shown in Figure 3 . There are three more diagrams related to these by the exchange m 1 ↔ m 2 .
From the renormalization procedure, one obtains the following pole structure,
2 See also [49, 50] . 
The single mass contributions are given in Ref. [6] ; from Ref. [17] . 11) and the renormalized operator matrix element in the MS-scheme reads
gq,Q .
(2.12) Figure 3 : Diagrams for the two-mass contributions toÃ
gq,Q . The curly lines denote gluons, the dashed arrow line represents the external massless quarks, while the thick solid arrow line represents a quark of mass m 1 , and the thin arrow line a quark of mass m 2 . We assume m 1 > m 2 .
One obtains the following result for the constant part of the two-mass unrenormalized OME,
gq is the color-stripped 1-loop anomalous dimension,
. (2.14)
Again, we will omit the explicit expressions of the polynomials R i .
The corresponding x-space expression is given in the appendix of Ref. [17] . Again, Eq. (2.13) agrees with previously calculated fixed moments for N = 2, 4, 6. The behaviour of the ratio of the genuine 2-mass contribution to the complete T 2 F 3-loop result for A
gq,Q at large values of Q 2 is similar to the one exhibited in the non-singlet case in Figure 2. 3. The gluonic operator matrix elementÃ ( 
3) gg
The three-loop contributions toÃ gg have no effect on the DIS structure functions at NNLO, since only the corresponding two-loop contributions appear in the expressions for the massive Wilson coefficients (see Eq.s (2.20)-(2.24) of Ref. [17] ). They are, however, needed in order to obtain the gluonic transition relation of the VFNS at three loops. The calculation ofÃ (3) gg is considerably more elaborate than those of the previous OMEs, and leads to new types of functions, namely, generalized sums in N-space and the generalized harmonic polylogarithms with square root letters in the alphabet in x-space.
There is a total of 76 irreducible diagrams contributing to the two-mass part of A
gg , including six diagrams with a ghost in the external lines. Only twelve of them, shown in Figure 4 , are truly independent. All other diagrams are related to these either by symmetry, the exchange of masses or reversal of a fermion line.
In Ref. [17] , we presented the results for the scalar versions of the first eight diagrams of Figure  4 . We have now completed the calculations of all but two of the diagrams in the physical case. The details of how this calculation has been performed will be explained in a future publication. As a preview, we show here the result for one of the diagrams, namely diagram 6 of Figure 4 . We get, 
where the P i 's are polynomials in N and η, and
are generalized harmonic sums [45] . The Mellin inversion of this result can be performed using the package HarmonicSums. The results are given in terms of generalized iterated integrals defined by
These will also appear in the case of the pure singlet OME discussed in the next section. The letters in the alphabet of these iterated integrals, i.e., the functions f i (τ) in Eq. (3.3), may in general depend on η.
The pure singlet OME
In the case of the pure singlet two-mass contribution, the generic pole structure is given bŷ
In the MS-scheme, one obtains the following renormalized expressioñ
There are sixteen diagrams contributing in this case, three of which are shown in Figure 5 . All others are related to these by the exchange of masses and/or reversal of fermion lines. Figure 5 : Diagrams for the two-mass contributions toÃ We use the same trick that we used before forÃ NSandÃ gq to decouple the mass coming from the fermion loop without the operator insertion. For the fermion loop with the vertex operator insertion, we use
One obtains the following result for diagram 3 in Figure 5 ,
The contour integral in Eq. (4.4) can be performed using the Mathematica package MB [52] , together with the extension MBresolve [53] , which allows to resolve the singularity structure in ε of this type of integrals by taking residues in σ . Once this is done, we can expand in ε. At O(ε 0 ), we are left with a sum of terms containing the poles in ε of the integral and the original integral with ε set to zero.
In the case where the operator insertion lies on a fermion line, we use the following expression,
which allows us to write the result for diagram 1 in Figure 5 (as well as all related diagrams) in terms of a linear combination of contour integrals similar to the one appearing in Eq. (4.4) . The Γ-functions in the integrand of Eq. (4.4) arise from the integration of Feynman parameters into Euler Beta-functions. In Ref. [18] , we left one of these Feynman parameters unintegrated, since it was already in the form of a Mellin transform. In the case of Eq. (4.4) this refers to the term
The exchange m 1 ↔ m 2 implies also the change η → 1/η, which means that in Ref. [18] , for some of the diagrams the integrals depended on (ηx(1 − x)) −1 , while for other diagrams, the dependence was on η x(1−x) . In the former case, we can close the contour to the left and take residues, since (ηx(1 − x)) −1 > 4 for all values of x ∈ (0, 1). The latter case is a bit more complicated, since η x(1−x) will be smaller or bigger than 4, for η < 1, depending on the value of x, which means that in some regions of x we had to close the contours to the left, while in the remaining regions we had to close it to the right. On top of this, there are factors depending on N, such as the factor (4.4) , which after the ε expansion, lead to factors of the form 1/N and 1/(N + 1). These factors were absorbed into the Mellin transform using integration by parts, and the final result was then given in terms of integrals weighted by Heaviside θ -functions.
In these proceedings we show an alternative method of calculating the pure singlet diagrams. We work directly in the representation of the diagrams with the fully integrated Feynman parameters. Let us consider the contour integral in (4.4). After the ε expansion, one of the terms we get is given by
There is also a term with the same contour integral but a factor 1/N instead of 1/(N + 1) in the decomposition of the diagram, and in the case of the diagrams where the operator insertion lies on a fermion line, also the factor 1/(N − 1) appears in some cases. Closing the contour to the left and summing residues, we obtain the following result
where
Unfortunately, this sum, as it stands, cannot be done using Sigma. Therefore, we proceed as follows. First we reintroduce an integral in x using 3 15) which leads to
Now we do the binomial expansion of the term (1 − x) k+1 and use 17) in order to absorb the 1 N+l factor into the integrand. The integrals from 0 to x can be done using
From this we get, Now we can do perform the double sum using Sigma and HarmonicSums. We finally obtain,
the region where η > 1. This is, however, far less trivial compared with theÃ gg,Q case, since the square root letters in the alphabet of the iterated integrals introduce branch cuts that need to be analyzed carefully. The complete result given in Ref. [18] has been obtained in a different way.
Conclusions
We have presented the two-mass contributions for a series of three-loop OMEs. The simplest ones areÃ (3) ,NS qq,Q andÃ
gq,Q , for which the N and η dependence factorizes. In the case ofÃ (3) gg,Q , we presented results in the physical case, going beyond those given in [17] , where a series of scalar diagrams were computed. In the pure singlet case, which was studied in [18] , we presented a new way of computing the diagrams. This new way has the advantage of producing a result that is given entirely by iterated integrals, without the need to introduce additional integrations on top of these, as we did in [18] . However, the results so far are only valid for half of the diagrams. In order to cover the other half, the analytic continuation η → 1/η still remain to be done.
With the full results forÃ (3) gg,Q within grasp, and having calculated all the other OMEs presented here, the only remaining OME isÃ (3) Qg . Considering that even in the single mass case this OME exhibits integrals with an elliptic behaviour [55, 56] , it doesn't seem feasible that this OME will be computed analytically any time soon. New methods will need to be applied in this case, which we plan to study at some point in the future.
